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Abstract
We compute the annulus diagram corresponding to the interaction of a fractional
D3 brane with a gauge field on its world-volume and a stack of N fractional D3 branes
on the orbifolds C2/Z2 and C
3/(Z2 × Z2). We show that its logarithmic divergence
can be equivalently understood as due either to massless open string states circulating
in the loop or to massless closed string states exchanged between two boundary states.
This follows from the fact that, under open/closed string duality, massless states in
the open and closed string channels are matched into each other without mixing with
massive states. This explains why the perturbative properties of many gauge theories
living on the worldvolume of less supersymmetric and nonconformal branes have been
recently obtained from their corresponding supergravity solution.
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1 Introduction
A D brane has the twofold property of being a solution of the low-energy string effective
action, which is just given by supergravity, and of having open strings with their endpoints
attached to its world-volume. In particular, the lightest open string excitations correspond
to a gauge field and its supersymmetric partners if the theory is supersymmetric. These
complementary descriptions open the way to study quantum properties of the gauge theory
living in the world-volume of a D brane from the classical dynamics of the brane and
viceversa. This goes under the name of gauge/gravity correspondence that has allowed to
derive properties of N = 4 super Yang-Mills - as one can see for example in Ref. [1] - and
also, by the addition of a decoupling limit, to formulate the Maldacena conjecture of the
equivalence between N = 4 super Yang-Mills and type IIB string theory compactified on
AdS5 ⊗ S5 [2].
Although it has not been possible to extend the Maldacena conjecture to non-conformal
and less supersymmetric gauge theories, a lot of a priori unexpected information on these
theories has been obtained from the gauge/gravity correspondence1. In particular, it
has been shown that the classical supergravity solutions corresponding to fractional and
wrapped D branes encode perturbative properties of non conformal and less supersymmet-
ric gauge theories living on their world-volume, such as the chiral and scale anomaly [7, 8].
It was of course expected that those properties could be derived by studying, in string
theory, the gauge theory living on the above D branes by taking the field theory limit
of the one-loop open string annulus diagram, with such methods as those described for
instance in Ref. [9]. But it came as a surprise that these properties were also encoded in
1For general reviews on various approaches see for instance Refs. [3 ÷ 6].
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the supergravity solution, especially after the formulation of the Maldacena conjecture,
which limited the validity of the supergravity approximation to the strong coupling regime
of the gauge theory.
Being gauge theories and supergravity related to open and closed strings respectively,
which in turn are connected by the open/closed string duality, there must be a relation
between this latter and the gauge/gravity correspondence.
In this paper we will use fractional branes to analyze features of the relation between
the open/closed string duality and the gauge/gravity correspondence more deeply. In
particular, we will show that, working in the pure string framework and using only the
open/closed string duality, the perturbative properties of the gauge theory living on a
D brane can be equivalently derived by performing the field theory limit either in the
open string channel, as expected, or in the closed string channel, where the supergravity
approximation holds.
We start by computing the one-loop open string annulus diagram which describes the
interaction of a fractional brane of the orbifold C2/Z2 having an SU(N) gauge field on it
with N fractional branes without any gauge field, and we extract from it the coefficient of
the gauge kinetic term. It turns out, as observed in Refs. [10 ÷ 13], that this contribution
is logarithmically divergent already at the string level. In general divergences higher than
the logarithmic ones correspond to gauge anomalies that make the theory inconsistent and
therefore must be cancelled. Logarithmic divergences correspond instead to the exchange
of massless closed string states in the closed string channel, as it can be seen from the
fact that the boundary state has a non-vanishing coupling to them (massless tadpoles).
Those divergences were originally found in the bosonic string where they were caused by
the dilaton exchange in the closed string channel and were cured in different ways [14
÷ 20]. In the case we are examining in this paper they are due to the exchange, in
the two directions transverse to the branes and the orbifold, of massless twisted states
that have a nonzero coupling to fractional D3 branes and therefore contribute in the
closed string channel. In general the presence of tadpoles signal some kind of instability
that must be cured. On the other hand, it turns out that those logarithmic divergences
precisely correspond to the one-loop divergences that one finds in the gauge theory living
in the world-volume of the brane. In this paper we just regularize the string calculation
introducing an infrared cutoff in the closed string channel corresponding to an ultraviolet
cutoff in the open string channel and we show that the divergent contribution can be seen
to come either from the exchange of massless closed string states between the two fractional
branes or from the massless open string states that go around the loop. Indeed, under the
modular transformation, which maps the open to the closed string channel, open string
massless states go into closed string massless states, and open string massive states go into
closed string massive states, without, surprisingly, showing any mixing between massless
and massive states. By adding to the one-loop open string diagram also the contribution
of the open string tree diagrams, we find an expression for the gauge coupling constant
that gives the correct beta-function of N = 2 SYM, exactly reproducing what has been
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found from supergravity calculations [21 ÷ 25].
Another important feature of our calculation is the appearance of a non vanishing
contribution from the Ramond odd spin structure at the string level, giving the vacuum
angle θYM of the gauge theory living on the brane. The introduction of a complex cutoff
together with a symmetrization between the two fractional branes occurring in the annulus
diagram allows us to reproduce the corresponding supergravity calculation.
The results obtained in the case of the orbifold C2/Z2 are then shown to hold also
in the case of the orbifold C3/(Z2 × Z2), where the world-volume gauge theory is N = 1
SYM.
In conclusion, in this paper we show why supergravity calculations reproduce the
perturbative behavior of the gauge theory living on the fractional branes of the orbifolds
C
2/Z2 and C
3/(Z2 × Z2). This is a consequence of the fact that, when we introduce
an external field, the annulus diagram is divergent already at the string level and of the
open/closed string duality.
What remains still a bit obscure is why the logarithmic divergence that appears at
string level is directly related to the divergence that one finds in the gauge theory living
on the brane, reproducing the correct field theory anomalies.
The paper is organized as follows. Section (2) is devoted to the calculation in the
full string theory of the annulus diagram for fractional branes of the orbifold C2/Z2 as a
function of the gauge field on the dressed brane and of the distance between the latter
and the stack of the N branes. In Sect. (3) the field theory limit is performed both in
the open and closed string channel and it is shown why the perturbative properties of
the gauge theory living on N fractional D3 branes can be derived from their supergravity
solution. In Sect. (4) we extend the previous analysis to the orbifold C3/(Z2×Z2) finding
again agreement with the results obtained from the supergravity solution for N = 1
supersymmetric gauge theories. In Appendix A we list the f - and Θ-functions and their
transformation properties under the modular transformation. Appendix B is devoted to
the calculation of the annulus diagram in the open string channel, while that in the closed
string channel is performed in Appendix C.
2 Branes in External Fields: N = 2 orbifold
In this Section we analyze the interaction between a D3 brane with an external SU(N)
gauge field on its world-volume (in the following named dressed brane) and a stack of N
ordinary D3 branes. This can be equivalently done either, in the open string channel,
by computing the one-loop open string diagram or, in the closed string channel, by com-
puting the tree closed string diagram containing two boundary states and a closed string
propagator.
In order to obtain a gauge theory with reduced supersymmetry we consider type IIB
superstring theory on an orbifold space. Furthermore, to obtain a non conformal gauge
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theory, we study fractional D3 branes2 which are characterized by their being stuck at
the orbifold fixed point and which, unlike bulk branes, have a non-conformal theory on
their world-volume. For the sake of simplicity we consider fractional branes of the orbifold
IR1,5 × C2/Z2 that have N = 2 super Yang-Mills on their world-volume.
The Z2 group, that is chosen to be acting on the coordinates x
m with m = 6, 7, 8, 9, is
characterized by two elements (e, h), being e the identity element and h such that h2 = e.
The element h acts on the complex combinations ~z = (z1, z2), where z1 = x6 + ix7,
z2 = x8 + ix9 as follows:
(z1 , z2)→ (−z1 , −z2). (1)
The orbifold group Z2 acts also on the Chan-Paton factors located at the endpoints of
the open string stretched between the branes. Fractional branes are defined as branes
for which such factors transform according to irreducible representations of the orbifold
group and we consider only the trivial one corresponding to a particular kind of fractional
branes. The orbifold we are considering is non compact and has therefore only one fixed
point located at z1 = z2 = 0. We are interested in the case of parallel fractional D3 branes
with their world-volume along the directions x0, x1, x2, x3, that are completely external
to the space on which the orbifold acts. The gauge field lives on the four-dimensional
world-volume of the fractional D3 brane and can be chosen to have the following form:
Fˆαβ ≡ 2πα′Fαβ =

0 f 0 0
−f 0 0 0
0 0 0 g
0 0 −g 0
 . (2)
The interaction between two branes is given by the vacuum fluctuation of an open
string that is stretched between them. In particular, the free energy of an open string
between a D3 brane and a stack of N D3 branes located at a distance y in the plane
(x4, x5) orthogonal to both the world-volume of the D3 branes and the four-dimensional
space on which the orbifold acts, is given by the one-loop open string free energy:
Z = N
∫ ∞
0
dτ
τ
TrNS−R
[(
e+ h
2
)
(−1)Fs(−1)Gbc
(
(−1)Gβγ + (−1)F
2
)
e−2πτL0
]
≡ Zoe + Zoh (3)
where Gbc and Gβγ are, respectively, the ghost and superghost number operators, Fs is the
space-time fermion number, (−1)F and L0 are defined in Appendix B, and the superscript
o stands for open. The fact that we are considering a string theory on the orbifold C2/Z2
is encoded in the presence of the orbifold projector P = (e+h)/2 in the trace. The explicit
2For a review of fractional branes and their application to the study of non-conformal gauge theories
see for instance Ref. [3].
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computation, shown in detail in Appendix B, gives the following results:
Zoe = −
N
(8π2α′)2
∫
d4x
√
−det(η + Fˆ )
∫ ∞
0
dτ
τ
e−
y2τ
2πα′
sinπνf sinπνg
f41 (e
−πτ )Θ1(iνf τ |iτ)Θ1(iνgτ |iτ)
× [f43 (e−πτ )Θ3(iνf τ |iτ)Θ3(iνgτ |iτ)− f44 (e−πτ )Θ4(iνf τ |iτ)Θ4(iνgτ |iτ)
−f42 (e−πτ )Θ2(iνf τ |iτ)Θ2(iνgτ |iτ)
]
, (4)
Zoh =
N
(8π2α′)2
∫
d4x
√
−det(η + Fˆ )
∫ ∞
0
dτ
τ
e−
y2τ
2πα′
4 sinπνf sinπνg
Θ22(0|iτ)Θ1(iνf τ |iτ)Θ1(iνgτ |iτ)
× [Θ23(0|iτ)Θ4(iνf τ |iτ)Θ4(iνgτ |iτ)−Θ24(0|iτ)Θ3(iνf τ |iτ)Θ3(iνgτ |iτ)]
+
iN
32π2
∫
d4xF aαβF˜
aαβ
∫ ∞
0
dτ
τ
e−
y2τ
2πα′ , (5)
where F˜αβ =
1
2ǫαβγδF
γδ . The f - and the Θ-functions are listed in Appendix A. In the
previous equations we have defined:
νf ≡ 1
2πi
log
1 + f
1− f and νg ≡
1
2πi
log
1− ig
1 + ig
. (6)
The three terms in Eq. (4) come from the NS, NS(−1)F , and R sectors respectively,
while the contribution from the R(−1)F sector vanishes. In Eq. (5) the three terms come
from the NS(−1)F , NS and R(−1)F sectors respectively, while the R contribution vanishes
because the projector h annihilates the Ramond vacuum.
The above computation can also be performed in the closed string channel where Zce
and Zch now read as the tree level closed string amplitude between two untwisted and two
twisted boundary states respectively, with the results:
Zce =
α′πN
2
∫ +∞
0
dt U 〈D3;F |e−πt(L0+L¯0−ac)|D3〉U (7)
Zch =
α′πN
2
∫ +∞
0
dt T 〈D3;F |e−πt(L0+L¯0)|D3〉T , (8)
where |D3;F > is the boundary state dressed with the gauge field F . The details of this
calculation are presented in Appendix C. Here we give only the final results, i.e.:
Zce =
N
(8π2α′)2
∫
d4x
√
−det(η + Fˆ )
∫ ∞
0
dt
t3
e−
y2
2πα′t
sinπνf sinπνg
Θ1(νf |it)Θ1(νg|it)f41 (e−πt)
×{f43 (e−πt)Θ3(νf |it)Θ3(νg|it)− f44 (e−πt)Θ4(νf |it)Θ4(νg|it)
−Θ2(νf |it)Θ2(νg|it)f42 (e−πt)
}
, (9)
Zch =
N
(8π2α′)2
∫
d4x
√
−det(η + Fˆ )
∫ ∞
0
dt
t
e−
y2
2πα′t
4 sinπνf sinπνg
Θ24(0|it)Θ1(νf |it)Θ1(νg|it)
×{Θ22(0|it)Θ3(νf |it)Θ3(νg|it)−Θ23(0|it)Θ2(νf |it)Θ2(νg|it)}
+
iN
32π2
∫
d4xF aαβF˜
aαβ
∫
dt
t
e−
y2
2πα′t . (10)
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The three terms in Eq. (9) come from the NS-NS, NS-NS(−1)F and R-R sectors respec-
tively, while those in Eq. (10) from the NS-NS, R-R and R-R(−1)F ones. In particular,
the twisted odd R-R(−1)F spin structure gets a non vanishing contribution only from the
zero modes, as explicitly shown in Appendix C.
It goes without saying that the two expressions for Z separately obtained in the open
and the closed string channels are as expected, equal to each other. This equality goes
under the name of open/closed string duality and can be easily shown by using how the
Θ functions transform (see Eq. (45)) under the modular transformation that relates the
modular parameters in the open and closed string channels, namely τ = 1/t. It can be
easily seen that, in going from the open (closed) to the closed (open) string channel, we
have the following correspondence between the various non vanishing spin structures [26]:
NS↔ NS−NS , NS(−1)F ↔ R− R
R↔ NS−NS(−1)F , R(−1)F ↔ R− R(−1)F. (11)
It is also easy to see that the distance y between the dressed D3 brane and the stack of the
N D3 branes makes the integral in Eq. (10) convergent for small values of t, while in the
limit t→∞, the integral is logarithmically divergent. This divergence is due to a twisted
tadpole corresponding to the exchange of massless closed string states between the two
boundary states in Eq. (8). We would like to stress that the presence of the gauge field
makes the divergence to appear already at the string level, before any field theory limit
(α′ → 0) is performed. When F vanishes, the divergence is eliminated by the integrand
being identically zero as a consequence of the fact that fractional branes are BPS states.
As observed in Refs. [10 ÷ 13, 19] tadpole divergences correspond in general to the
presence of gauge anomalies, which make the gauge theory inconsistent and must be
eliminated by drastically modifying the theory or by fixing particular values of parameters.
For instance, in type I superstring they are eliminated by fixing the gauge group to be
SO(32) [19]. Instead, as stressed in Refs. [10 ÷ 13], logarithmic tadpole divergences do not
correspond to gauge anomalies. In the bosonic string they have been cured in a variety of
ways [14 ÷ 20]. It will turn out in the next Section that, in our case, the logarithmically
divergent tadpoles correspond to the fact that the gauge theory living on the brane is
not conformally invariant. In fact, they provide the correct one-loop running coupling
constant.
In this paper, following the suggestion of Refs. [10, 11], we cure these divergences
just by introducing in Eq. (10) an infrared cutoff that regularizes the contribution of
the massless closed string states. Since, in the open/closed string duality, an infrared
divergence in the closed string channel corresponds to an ultraviolet divergence in the
open string channel, it is easy to see that the expression in Eq. (5) is divergent for small
values of τ and needs an ultraviolet cutoff. It will turn out that this divergence is exactly
the one-loop divergence that one gets in N = 2 super Yang-Mills, which is the gauge
theory living in the world-volume of the fractional D3 brane.
Our results are consistent with those of Ref. [27] where, in the context of unoriented
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theories, it is shown that string amplitudes are in general affected by both ultraviolet and
infrared divergences. In our case, the finite parameter y provides a natural IR (UV) cut-off
in the open (closed) channel, leaving the amplitude to be divergent only in the UV (IR)
corner. Following their procedure, we could as well introduce two stringy β-functions, one
for each channel, and show that they coincide. However we are interested in establishing
a deeper connection with the gauge/gravity correspondence and therefore in this paper
we focus on the behavior of massless and massive states separately with respect to the
open/closed duality.
To this end, starting from Eqs. (5) and (10), containing arbitrary powers of the gauge
field F , we extract the quadratic term in the gauge field F from the previous general
expressions. In the open string channel it is given by:
Zoh(F ) =
[
−1
4
∫
d4xF aαβF
a αβ
]{
− N
8π2
∫ ∞
0
dτ
τ
e−
y2τ
2πα′
[
f3(k)f4(k)
f1(k)f2(k)
]4
2k
d
dk
log
[
f3(k)
f4(k)
]}
+iN
[
1
32π2
∫
d4xF aαβF˜
aαβ
] ∫ ∞
0
dτ
τ
e−
y2τ
2πα′ , k = e−πτ , (12)
while in the closed string channel it reads:
Zch(F ) =
[
−1
4
∫
d4xF aαβF
a αβ
]{
N
8π2
∫ ∞
0
dt
t
e−
y2
2πα′t
[
f3(q)f2(q)
f1(q)f4(q)
]4
2q
d
dq
log
[
f3(q)
f2(q)
]}
+iN
[
1
32π2
∫
d4xF aαβF˜
aαβ
] ∫ ∞
0
dt
t
e−
y2
2πα′t , q = e−πt . (13)
The two previous equations are derived in detail in Appendices B and C respectively, and
are equal to each other as one can see by performing the modular transformation τ = 1/t.
It can also be seen that the untwisted sector does not produce any quadratic term in the
gauge field, in analogy with what happens in flat space because of its non-renormalization
in N = 4 super Yang-Mills 3.
As we have already discussed, it turns out that the divergence that we have at the
string level is exactly the one-loop divergence present in the gauge field theory living in
the world-volume of the brane and can be equivalently seen as due, in the open string
channel, to the massless open string states circulating in the loop and, in the closed string
channel, to the massless closed string states exchanged between two boundary states. This
can be seen by isolating the contribution of the massless open and closed string states,
respectively, in Eqs. (12) and (13), which are the only ones giving a divergence. In this
3For details see for instance Ref. [28] where also the orbifold C2/Z2 is considered in the compactification
of type I superstring.
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way in the open string channel we get:
Zoh(F ) →
[
−1
4
∫
d4xF aαβF
aαβ
]
×
{
1
g2YM (Λ)
− N
8π2
∫ ∞
1
α′Λ2
dτ
τ
e−
y2τ
2πα′ +
N
8π2
∫ ∞
0
dτ
τ
e−
y2τ
2πα′G(k)
}
+ iN
[
1
32π2
∫
d4xF aαβF˜
aαβ
] ∫ ∞
1
α′Λ2
dτ
τ
e−
y2τ
2πα′ (14)
where
G(k) = −
[
f3(k)f4(k)
f1(k)f2(k)
]4
2k
d
dk
log
[
f3(k)
f4(k)
]
+ 1, (15)
while in the closed string channel we get:
Zch(F ) →
[
−1
4
∫
d4xF aαβF
aαβ
]
×
{
1
g2YM (Λ)
− N
8π2
∫ α′Λ2
0
dt
t
e−
y2
2πα′t +
N
8π2
∫ ∞
0
dt
t
e−
y2
2πα′tF (q)
}
+ iN
[
1
32π2
∫
d4xF aαβF˜
aαβ
] ∫ α′Λ2
0
dt
t
e−
y2
2πα′t (16)
where
F (q) =
[
f3(q)f2(q)
f1(q)f4(q)
]4
2q
d
dq
log
[
f3(q)
f2(q)
]
+ 1 . (17)
Notice that in the two previous equations we have also added the contribution coming
from the tree diagrams that contain the bare coupling constant. In an ultraviolet finite
theory such as string theory we should not deal with a bare and a renormalized coupling.
On the other hand, we have already discussed the fact that the introduction of a gauge
field produces a string amplitude that is divergent already at the string level and that
therefore must be regularized with the introduction of a cutoff.
We have already mentioned that Eqs. (14) and (16) are equal to each other as one
can see by performing the modular transformation τ = 1/t. Actually, by a closer look
one can see that the contribution of the massless states and the one of the massive states
transform respectively into each other without any mixing between massless and massive
states. Indeed the contribution of the massless closed string states can be easily obtained
by performing the modular transformation on that of the massless open string states and
viceversa. Furthermore the threshold corrections, corresponding to the contribution of the
massive states in the two channels, are exactly equal as a consequence of the following
equation:
F (q) = G(k) (18)
that can be easily proven using the modular transformations of the functions fi given in
Appendix A and Eq. (131).
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This means that the open/closed string duality exactly maps the ultraviolet divergent
contribution coming from the massless open string states circulating in the loop - and
that reproduces the divergences of N = 2 super Yang-Mills living in the world-volume
of the fractional D3 branes - into the infrared divergent contribution due to the massless
closed string states propagating between the two boundary states. This leads to the first
evidence why the one-loop running coupling constant can be consistently derived from a
supergravity calculation as originally shown in Refs. [21 ÷ 23] and reviewed in Ref. [3].
This will be shown in a more direct and quantitative way in the next Section.
3 Field Theory Limit in the Two Channels
In this Section we perform the field theory limit of the amplitudes given by Eqs. (14) and
(16) in the open and closed string channel, respectively. In both channels the field theory
limit is obtained by performing the zero slope limit (α′ → 0) together with the limit in
which the modular variables t and τ go to infinity, keeping fixed the dimensional Schwinger
proper times σ = α′τ and s = α′t of the open and closed string, respectively. Indeed, in
these two limits the only surviving contributions in Eqs. (14) and (16) are those due to
the massless states. Notice that the two regions t→∞ and τ →∞ are not connected to
each other through a modular transformation.
Let us start performing the field theory limit in the open string channel as explained
above, namely by taking τ → ∞, α′ → 0 with α′τ ≡ σ fixed. In so doing we see that in
Eq. (14) the contribution of the massive open string states vanishes and we get:
Zoh(F ) →
[
−
∫
d4x
1
4
F aαβF
a αβ
][
1
g2YM (Λ)
− N
8π2
∫ ∞
1/Λ2
dσ
σ
e
−
y2σ
2π(α′)2
]
+iN
[
1
32π2
∫
d4xF aαβF˜
aαβ
] ∫ ∞
1/Λ2
dσ
σ
e
−
y2σ
2π(α′)2 . (19)
The previous integrals are naturally regularized in the infrared regime (σ → ∞) by the
fact that the two stacks of branes are at a finite distance y. Notice that, in order to get
a finite expression in the field theory limit, we also need to take the limit y → 0 while
keeping fixed the quantity yα′ . This finite quantity is directly related to the complex scalar
field Ψ of the N = 2 gauge supermultiplet by the gauge/gravity relation [1],
Ψ =
y
2πα′
eiθ with x4 + ix5 ≡ yeiθ , (20)
and the fact that Ψ has a nonzero vacuum expectation value does not enlarge the gauge
group SU(N).
If we perform the field theory limit in the closed string channel by taking t → ∞,
α′ → 0 with α′t ≡ s fixed, we get from Eq. (16):
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Zch(F ) →
[
−
∫
d4x
1
4
F aαβF
a αβ
][
1
g2YM (Λ)
− N
8π2
∫ (α′Λ)2
0
ds
s
e−
y2
2πs
]
+iN
[
1
32π2
∫
d4xF aαβF˜
aαβ
] ∫ (α′Λ)2
0
ds
s
e−
y2
2πs . (21)
In the closed string case the distance y between the branes makes the integral conver-
gent in the ultraviolet regime (s → 0), but instead an infrared cutoff Λ is needed. If we
identify the two Λ’s appearing in the ultraviolet cutoff in the open string channel and in
the infrared cutoff in the closed string one, we see that the expressions in the two field the-
ory limits are actually equal. This observation clarifies now why the supergravity solution
gives the correct answer for the perturbative behavior of the non-conformal world-volume
theory as found in Refs. [21 ÷ 25]. In fact we can extract the coefficient of the term F 2
from either of the two Eqs. (19) and (21) obtaining the following expression:
1
g2YM (ǫ)
+
N
8π2
log
y2
ǫ2
≡ 1
g2YM (y)
, ǫ2 ≡ 2π(α′Λ)2 (22)
where the integral appearing in Eq. (19) has been explicitly computed:
I(Λ, y) ≡
∫ ∞
1/Λ2
dσ
σ
e
−
y2σ
2π(α′)2 ≃ log 2π(α
′Λ)2
y2
(23)
Eq. (22) exactly reproduces Eq. (143) of Ref. [3], with N2 = 0, N1 = N . In that
paper the renormalization group parameter µ that describes the running is related to the
distance y between the two stacks of branes precisely by the relation µ = y2πα′ , while ǫ
is an ultraviolet cutoff. The previous derivation makes it clear why the running coupling
constant of N = 2 super Yang-Mills can be obtained from the supergravity solution
corresponding to a fractional D3 brane of the orbifold C2/Z2.
Eq. (22) gives the one-loop correction to the bare gauge coupling constant gYM (Λ) in
the gauge theory regularized with cutoff Λ. The renormalization procedure can then be
performed by introducing the renormalized coupling constant gYM (µ) related to the bare
one by:
1
g2YM (Λ)
=
1
g2YM (µ)
+
N
8π2
log
Λ2
µ2
(24)
being µ the renormalization scale. Using Eq. (24) in either Eq. (19) or Eq. (21) one gets
the following expression for the coefficient of the F 2 term
1
g2YM (µ)
− N
8π2
log
µ2
m2
=
1
g2YM (m)
; m2 ≡ y
2
2πα′2
. (25)
From it, or equivalently from Eq. (24), we can now determine the one-loop β-function:
β(gYM ) ≡ µ ∂
∂µ
gYM (µ) = −g
3
YMN
8π2
(26)
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which is the correct one for N = 2 super Yang-Mills.
Let us turn now to the vacuum angle θYM , provided by the terms in Eqs. (19) and
(21) with the topological charge. If we extract it from either of these two equations we find
that it is imaginary and, moreover, must be renormalized like the coupling constant. A
way of eliminating these problems is to introduce a complex cutoff and to allow the gauge
field to be in either one of the two sets of branes by taking the symmetric combination 4:
1
2
[〈D3;F |D|D3〉 + 〈D3|D|D3;F 〉] = 1
2
[
〈D3;F |D|D3〉 + 〈D3;F |D|D3〉
]
. (27)
If we introduce a complex cutoff Λ→ Λe−iθ the divergent integral in Eq. (23) becomes:
I(z) ≡
∫ ∞
1/Λ2
dσ
σ
e
−
y2σ
2π(α′)2 ≃ log 2π(α
′)2Λ2
y2e2iθ
. (28)
This procedure leaves unchanged all the previous considerations concerning the gauge cou-
pling constant, because in this case the coefficient of the F 2 term results to be proportional
to the following combination:
1
2
[I(z) + I(z¯)] ≃ log 2π(α
′)2Λ2
y2
. (29)
In the case of the θYM angle one gets instead:
θYM = i
N
2
[I(z)− I(z¯)] = 2Nθ , (30)
exactly reproducing the result given in Eq. (144) of Ref. [3] if we take again N2 = 0 and
N1 = N . Remember, however, that in Ref. [3] θ is the phase of the complex quantity
z = yeiθ. But, as it can be seen in Eq. (28), giving a phase to the cutoff corresponds to
giving the opposite phase to the distance between the branes y. We prefer to make the
cutoff complex rather than y in order to keep the open string Virasoro generator L0 real.
4 Branes in External Fields: N = 1 orbifold
In the following we extend the analysis performed in the previous Section to the case of
the orbifold C3/(Z2 × Z2) preserving four supersymmetry charges. The orbifold group
Z2 × Z2 contains four elements whose action on the three complex coordinates
z1 = x4 + ix5 z2 = x6 + ix7 z3 = x8 + ix9 (31)
is chosen to be
Re =
 1 0 00 1 0
0 0 1
 , Rh1 =
 1 0 00 −1 0
0 0 −1
 ,
Rh2 =
 −1 0 00 1 0
0 0 −1
 , Rh3 =
 −1 0 00 −1 0
0 0 1
 . (32)
4We thank M. Billo´, F. Lonegro and I. Pesando for useful discussions on this point.
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As previously stated, fractional branes have Chan-Paton factors transforming accord-
ing to irreducible representations of the orbifold group. The group Z2 × Z2 has four
irreducible one-dimensional representations corresponding to four different kinds of frac-
tional branes. The orbifold C3/(Z2 × Z2), as already explained Refs. [13, 29], can be seen
as obtained by three copies of the orbifold C2/Z2 where the i-th Z2 contains the elements
(e, hi) (i = 1, . . . 3). This means that the boundary states associated to each fractional
brane are:
|Dp >1= |Dp >u +|Dp >t1 +|Dp >t2 +|Dp >t3 ,
|Dp >2= |Dp >u +|Dp >t1 −|Dp >t2 −|Dp >t3 ,
|Dp >3= |Dp >u −|Dp >t1 +|Dp >t2 −|Dp >t3 ,
|Dp >4= |Dp >u −|Dp >t1 −|Dp >t2 +|Dp >t3 , (33)
where |Dp >u is the untwisted boundary state that, apart an overall factor 12 due to
the orbifold projection, is the same as the one in flat space, and |Dp >ti (i = 1, . . . , 3)
are exactly the same as the twisted boundary states on the orbifold C2/Z2, apart from a
factor 1/
√
2. The signs in front of each twisted term in Eq. (33) depend on the irreducible
representation chosen for the orbifold group action on the Chan-Paton factors.
In order to keep the forthcoming discussion as general as possible, we study the inter-
action between a stack of NI (I = 1, . . . , 4) branes of type I and a D3-fractional brane,
for example of type I = 1, with an SU(N) gauge field turned on its world-volume. Due
to the structure of the orbifold C3/(Z2 × Z2), this interaction is the sum of four terms:
Z = Ze +
3∑
i=1
Zhi , (34)
where Ze and Zhi are obtained in the open [closed] channel by multiplying the Eqs. (4)
and (5) [Eqs. (9) and (10)] by an extra 1/2 factor due to the orbifold projection. Also
in this case we limit our considerations to the twisted sectors, which are the only ones
that provide a non-zero contribution to the quadratic terms in the gauge field. Their
contribution, in the open string channel, is given by:
Zohi =
fi(N)
2 (8π2α′)2
∫
d4x
√
−det(η + Fˆ )
∫ ∞
0
dτ
τ
e−
y2i τ
2πα′
4 sinπνf sinπνg
Θ22(0|iτ)Θ1(iνf τ |iτ)Θ1(iνgτ |iτ)
×{Θ23(0|iτ)Θ4(iνf τ |iτ)Θ4(iνgτ |iτ)−Θ24(0|iτ)Θ3(iνf τ |iτ)Θ3(iνgτ |iτ)}
+
i fi(N)
64π2
∫
d4xF aαβF˜
aαβ
∫
dτ
τ
e−
y2i τ
2πα′ . (35)
In the previous expression we should put to zero the distance yi between the stack of the
NI ’s branes and the dressed one, since the fractional branes are constrained to live at the
orbifold fixed point z1 = z2 = z3 = 0. However, yi provides a natural infrared cutoff in
Eq. (35). Therefore we keep this quantity small but finite, and we will put it to zero just
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at the end of the calculation. The functions fi(N) introduced in Eq. (35) depend on the
number of the different kinds of fractional branes NI , and their explicit expression is given
by [13, 29]:
f1(NI) = N1 +N2 −N3 −N4 ,
f2(NI) = N1 −N2 +N3 −N4 ,
f3(NI) = N1 −N2 −N3 +N4 . (36)
One can follow the same steps in the closed string channel obtaining the formulas corre-
sponding to Eq. (10).
Let us now extract in both channels the quadratic terms in the gauge field F . In the
open sector, we get:
Zoh(F ) →
[
−1
4
∫
d4xF aαβF
aαβ
]
×
{
1
g2YM (Λ)
−
3∑
i=1
fi(N)
16π2
[∫ ∞
1/(α′Λ2)
dτ
τ
e−
y2i τ
2πα′ +
∫ ∞
0
dτ
τ
e−
y2i τ
2πα′G(k)
]}
+ i
[
1
32π2
∫
d4xF aαβF˜
aαβ
] 3∑
i=1
fi(N)
2
∫ ∞
1
α′Λ2
dτ
τ
e−
y2i τ
2πα′ , (37)
while in the closed string channel we obtain:
Zch(F ) →
[
−1
4
∫
d4xF aαβF
aαβ
]
×
{
1
g2YM (Λ)
−
3∑
i=1
fi(N)
16π2
[∫ α′Λ2
0
dt
t
e−
y2i
2πα′t +
∫ ∞
0
dt
t
e−
y2i
2πα′tF (q)
]}
+ i
[
1
32π2
∫
d4xF aαβF˜
aαβ
] 3∑
i=1
fi(N)
2
∫ α′Λ2
0
dt
t
e−
y2i
2πα′t . (38)
Analogously to the case of the N = 2 orbifold, we have isolated, in both channels, the
divergent contribution due to the massless states, and we have also added the one coming
from the tree diagrams. The main properties exhibited by the interactions in the orbifold
C
2/Z2 in Eqs. (14) and (16) are also shared by the interactions in the orbifold C
3/(Z2×Z2)
in Eqs. (37) and (38). In particular, also in this case, one can see that the contribution of
the massless states and that of the massive states transform respectively into each other
without any mixing between them. This confirms the main result obtained in Sect. 2, i.e.
the open/closed string duality exactly maps the ultraviolet divergent contribution coming
from the massless open string states - which in this case reproduces the divergences of
N = 1 super Yang-Mills - into the infrared divergent contribution due to the massless
closed string states.
Extracting the coefficient of the term F 2 from Eq. (37) or (38), and performing on it
the field theory limit as explained in the previous Section , we get:
1
g2YM(ǫ)
+
1
8π2
3∑
i=1
fi(NI) log
yi
ǫ
≡ 1
g2YM
(y) ǫ2 = 2π(α′Λ)2 . (39)
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Eq. (39) reproduces Eq. (3.14) of Ref. [8], and this explains again why the supergravity
solutions, dual to N = 1 super Yang-Mills theory, give the correct answer for the pertur-
bative behavior of the non conformal world-volume theory, as found in Refs. [8, 13, 29].
Performing the renormalization procedure, we introduce the renormalized coupling
constant gYM (µ) given in terms of the bare one by the relation:
1
g2YM (Λ)
=
1
g2YM (µ)
+
3∑
i=1
fi(N)
16π2
log
Λ2
µ2
=
1
g2YM (µ)
+
3N1 −N2 −N3 −N4
16π2
log
Λ2
µ2
. (40)
From this equation we can determine the β-function obtaining:
β(gYM ) ≡ µ ∂
∂µ
gYM (µ) = − g
3
YM
16π2
(3N1 −N2 −N3 −N4) , (41)
that is the correct one for the wold-volume theory living on the dressed brane.
Finally, in the same spirit as in Sect. 3, we consider the symmetric combination given in
Eq. (27) and, by introducing a complex cut-off Λe−iθ, or equivalently, considering complex
coordinates zi = yie
iθ, we arrive to the following expression for the θYM :
θYM =
3∑
i=1
fi(NI)θ (42)
again in agreement with the result given in Eq. (3.14) of the Ref. [8].
5 Conclusions
In this paper we have used open/closed string duality of the annulus diagram for ex-
plaining why the perturbative properties of N = 1, 2 Super Yang-Mills theories, living in
the world-volume of fractional D3 branes, follow directly from their classical supergravity
solutions [21 ÷ 25]. This is a consequence of the fact that the coefficient of the gauge
kinetic term in the annulus diagram is expressed by an integral that is divergent already
at the string level and, therefore, must be regularized. It turns out that this divergent
contribution can be seen to be equivalently due either to the exchange of massless closed
strings between two boundary states in the closed string channel or to the massless open
string states circulating in the loop in the open string channel, and that these two contri-
butions are mapped into each other by the modular transformation that relates the open
and closed string channels. This means that the divergence present at the string level is
precisely the one that one gets in the gauge field theory living on the brane in the field
theory limit (α′ → 0). It remains unclear why these two kinds of divergences must be
related. This is in fact not the case, for instance, of the tadpoles present in the bosonic
string. Here in fact we have a dilaton tadpole that is not related to the divergences due
to the massless gauge fields circulating in the loop in pure Yang-Mills theory for d = 26,
which are proportional to d− 26 [9, 20] and therefore vanish for d = 26. Supersymmetry
may play a role in the identification of the two divergences [27]. It must also be noticed
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that the situation here is different from what was found for the gauge kinetic term in the
case of the heterotic string [30], where no ultraviolet, but only infrared divergences are
found at the string level and these divergences are due to the contribution of the massless
string states that are also present in the limiting field theory.
Acknowledgments We deeply thank M. Billo´, F. Lonegro and I. Pesando for useful
discussions. We also thank W. Mueck, R. Musto, F. Nicodemi, R. Pettorino for reading
the manuscript. F. Pezzella thanks Nordita for their kind hospitality.
A Θ functions
The Θ-functions which are the solutions of the heat equation
∂
∂t
Θ(ν|it) = 1
4π
∂2νΘ(ν|it) (43)
are given by:
Θ1(ν|it) ≡ Θ11(ν, |it) = −2q
1
4 sinπν
∞∏
n=1
[
(1− q2n)(1− e2iπνq2n)(1− e−2iπνq2n)] ,
Θ2(ν|it) ≡ Θ10(ν, |it) = 2q 14 cos πν
∞∏
n=1
[
(1− q2n)(1 + e2iπνq2n)(1 + e−2iπνq2n)] ,
Θ3(ν, |it) ≡ Θ00(ν, |it) =
∞∏
n=1
[
(1− q2n)(1 + e2iπνq2n−1)(1 + e−2iπνq2n−1)] ,
Θ4(ν, |it) ≡ Θ01(ν, |it) =
∞∏
n=1
[
(1− q2n)(1− e2iπνq2n−1)(1− e−2iπνq2n−1)] , (44)
with q = e−πt. The modular transformation properties of the Θ functions are
Θ1(ν|it) = iΘ1(−iν
t
| i
t
)e−πν
2/tt−
1
2 ,
Θ2, 3, 4(ν|it) = Θ4, 3, 2(−iν
t
| i
t
)e−πν
2/tt−
1
2 . (45)
It is also useful to define the f -functions and their transformation properties. We
define
f1 ≡ q
1
12
∞∏
n=1
(1− q2n) , (46)
f2 ≡
√
2q
1
12
∞∏
n=1
(1 + q2n) , (47)
f3 ≡ q−
1
24
∞∏
n=1
(1 + q2n−1) , (48)
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f4 ≡ q−
1
24
∞∏
n=1
(1− q2n−1) . (49)
In the case of a real argument q = e−πt they transform as follows under the modular
transformation t→ 1/t:
f1(e
−π
t ) =
√
tf1(e
−πt) , f2(e
−π
t ) = f4(e
−πt) , f3(e
−πt) = f3(e
−π
t ) . (50)
The following relations are also useful:
Θ2,3,4(0|it) = f1(e−πt) f22,3,4(e−πt) ; lim
ν→0
Θ1(ν|it)
2 sin πν
= f31 (e
−πt) (51)
B Open String Channel
In this Appendix we compute the one-loop vacuum amplitude in the open string channel,
by extending the techniques developed in Ref. [31]. We start by considering the action of
an open string in a background represented by an SU(N) gauge field Aaµ, being µ and a
respectively the Lorentz and gauge indices. We choose only one end of the string to be
charged under the gauge field, say the one parameterized with σ = 0, and, for the sake of
simplicity, we consider a gauge field pointing along a definite direction in the gauge group,
so that we can write Aaν =
1
2F
a
µνX
µ where Fµν is taken constant. The string action turns
out to be:
S = − 1
4πα′
∫
d2σ
[
ηαβ∂αX
µ∂βXµ − iψ¯µρα∂αψµ
]
+
1
2
∫
dτFµν
[
Xν∂τX
µ − i
2
ψ¯νρ0ψµ
]
(52)
Since the external field couples to the boundary, its effect is to modify the boundary con-
ditions of the string coordinates. In order to determine such modifications it is convenient
to introduce the following sets of coordinates:
X±f ≡
X0±X1√
2
and X±g ≡
X2±iX3√
2
; (53)
ψ±f R,L ≡
ψ0R,L±ψ1R,L√
2
and ψ±g R,L ≡
ψ2R,L±iψ3R,L√
2
, (54)
where ψR and ψL are the two components with opposite chirality of the Majorana-Weyl
world-sheet spinor ψ.
The surface terms, that arise in the variation of the action in Eq. (52) with a field
strength F given by Eq. (2), vanish if the string coordinates, previously introduced, satisfy
the conditions:
∂σX
±
f |σ=0 = ∓f∂τX±f |σ=0 , ∂σX±g |σ=0 = ∓ig∂τX±g |σ=0 , (55)
ψ±f R|σ=0 =
(1±f)
(1∓ f) ψ
±
f L|σ=0 , ψ±g R|σ=0 =
(1±ig)
(1∓ ig)ψ
±
g L|σ=0 (56)
at σ = 0, together with the standard boundary conditions at σ = π
∂σX
±
f |σ=π = 0 , ∂σX±g |σ=π = 0 , (57)
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ψ±f R|σ=π + (−1)aψ±f L|σ=π = 0 , ψ±g R|σ=π + (−1)aψ±g L|σ=π = 0 , (58)
with a = 0, 1 in the NS and R sector, respectively. The mode expansions of the bosonic
coordinates in Eq. (53) take the form
X±f (σ, τ) = x
±
f + i
√
2α′
∑
n∈Z
α±
f n
(n± iǫf )φ
±
f n
(σ, τ), (59)
where the oscillators modes are defined as follows:
α±
f n
=
√
n±iǫf a±n n ≥ 0 and α±f −n =
√
n∓ iǫf a±−n n > 0 (60)
φ±
f n
= e−i(n±iǫf)τ cos [(n±iǫf )σ ∓ iπǫf ] . (61)
For the coordinate Xg we simply replace the index f with g and the Fourier modes an
with bn. In the previous equations we have defined:
ǫf ≡ 1
π
arcthf , ǫg ≡ 1
π
arcth(ig) (62)
Analogously, the mode expansions of the fermionic coordinates, satisfying the conditions
in Eqs. (56) and (58), turn out to be:
ψ±f R,L =
√
2α′
∑
n∈Z+ a+1
2
d±nχ
±
f n R,L
(σ, τ) ψ±g R,L =
√
2α′
∑
n∈Z+ a+1
2
h±n χ
±
g n R,L(σ, τ) (63)
with
χ±
f n R
(σ, τ) =
1√
2
e−i(n±iǫf )(τ−σ)±πǫf , χ±
f n L
(σ, τ) =
1√
2
e−i(n±iǫf )(τ+σ)∓πǫf . (64)
The Fourier modes for the fields ψ±g are, again, obtained by replacing the index f with g.
Furthermore, it is useful in the forthcoming discussion, to give also the relations between
the parameters defined in Eq. (6) with the one given in Eq. (62):
ǫf = iνf and ǫg = −iνg. (65)
The canonical quantization procedure leads to the following commutation relations for the
Fourier modes:
[x+f , x
−
f ] = −i
2α′π
f
[a+n , a
−
−n] = −1 {d+n , d−m} = −δn+m (66)
[x+g , x
−
g ] =
2α′π
g
[b+n , b
−
−n] = 1 {h+n , h−n } = δn+m . (67)
Furthermore, with the help of Eqs. (59) and (63), one can compute the Virasoro generator
L0:
L0 = L
⊥
0 −
+∞∑
n=−∞
: α+
f n
·α−
f −n
: +
+∞∑
n=−∞
: α+
g n·α−g −n : + c(a)
−
∑
n∈Z+ a+1
2
(n+ iǫf ) : d
−
−n·d+n : +
∑
n∈Z+ a+1
2
(n+ iǫg) : h
−
−n·h+n :
(68)
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where L⊥0 denotes the standard contribution coming from the direction orthogonal to the
brane, and the constant c(a) is the zero point energy, whose value is corrected by the
presence of the gauge field [31]:
c(0) =
1
2
iǫf (1− iǫf ) + 1
2
iǫg(1− iǫg)−
ǫ2f
2
− ǫ
2
g
2
− 1
2
, (69)
c(1) = 0 . (70)
Now we have all the ingredients to compute the one-loop free energy given in Eq. (3). It
is the sum of six terms:
Z = ZNSe + Z
NS(−1)F
e + Z
R
e + Z
NS
g + Z
NS(−1)F
g + Z
R(−1)f
g . (71)
In order to evaluate each term, we notice that the external field causes essentially two
modifications in the one-loop vacuum amplitude in Eq. (3) with respect to the case without
gauge field. One concerns the oscillation frequencies of the longitudinal coordinates and
the other the zero mode contributions. In particular it is easy to see that the oscillation
frequencies get shifted by ±iǫf in the 0, 1 plane and ±iǫg in the (2, 3) plane:
∞∏
n=1
(
1
1− k2n
)8
−→
∞∏
n=1
(
1
1− k2n
)4( 1
1− k2ne2πiτǫf
)(
1
1− k2ne−2πiτǫf
)
×
(
1
1− k2ne2πiτǫg
)(
1
1− k2ne−2πiτǫg
) (72)
with k = e−πτ . Analogous modifications occur in the fermionic calculation. The contri-
bution of the bosonic zero modes to the partition function, instead, requires some care
because of the anomalous commutation relations satisfied by the coordinates x±(f ;g), ex-
plicitly given in Eq. (66). Due to them, as explained in Ref. [31], we have to compute
the density of the quantum states. By analogy with the case of the conjugate variables
[x, p] = i h2π , where such a density is simply given by ρ = 1/h, from Eqs. (66) and (67), we
deduce in our case the following expression:
ρ = −i f g
(4π2α′)2
. (73)
The contribution of the bosonic zero modes to the free energy is given by:
Tr
[
e
−2πτ
(
y2
(2π)2α′
−iǫfa
−
0 a
+
0 +iǫgb
−
0 b
+
0
)]
=e−
y2τ
2πα′
[
1
1− e−2πiτǫf
] [
1
1− e−2πiτǫg
]
.
Let us consider the fermionic zero mode contribution to the free energy arising from the
Ramond sector. It is well known that it is divergent and must be regularized [32]. It is
more convenient to perform the regularization in the Euclidean space. At this aim we first
introduce the following operators:
ψ00 =
d+0 + d
−
0√
2
, ψ10 =
d+0 − d−0√
2
, ψ20 =
h+0 + h
−
0√
2
, ψ30 =
h+0 − h−0√
2i
(74)
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that, together with the zero modes associated to the transverse directions ψi0 (j = 4, . . . 9),
satisfy the usual anticommutation rules {ψµ0ψν0} = ηµν . Then we perform a Wick rotation
ψ00 = iψ
10
0 . Furthermore, it is convenient to introduce the raising and lowering operators
defined as follows:
e±1 = ±d±0 ; e±2 = h±0 e±j =
ψ2j−20 ±iψ2j−10√
2
with j = 3 . . . 5 (75)
satisfying the algebra:
{e+a , e−b } = δa,b . (76)
The Hilbert space, associated to each couple of operators in Eq. (75), is two-dimensional
and it is spanned by the states |sa = ±1〉, being s the eigenvalues of the number operators
Na = [e
+
a , e
−
a ] (77)
In terms of these latter, the fermionic zero modes in the R-sector become
d−0 d
+
0 =
N1 − 1
2
, h−0 h
+
0 =
1−N2
2
(78)
and the GSO, projector together with the orbifold action, takes the following form [3, 33]:
(−1)F0 =
5∏
k=1
Nk, g = e
iπ
2
(N4+N5) = −N4N5. (79)
Let us compute explicitly the traces over the fermionic zero modes appearing in Eq. (3).
In particular we have:
TrR
(
e−2πτ(−iǫfd
−
0 d
+
0 +iǫgh
−
0 h
+
0 )(−1)Gβγ
)
= 4
(
1 + e−iπτǫf
) (
1 + e−iπτǫg
)
(80)
and
TrR
(
e−2πτ(−iǫfd
−
0 d
+
0 +iǫgh
−
0 h
+
0 )g(−1)F0
)
= − lim
x→1
TrR
(
eiπτ [ǫf (N1−1)−ǫg(1−N2)]
5∏
k=1
xNkN1N2N3
)
Tr
(
x−2γ0β0
)
(81)
where we have introduced the regulator x
∑
kNkx−2γ0β0 in order to have a finite result.
Therefore by using the following relations:
Tr
(
xNkNk
)
=
(
x− 1
x
)
, Tr
(
xNk
)
=
(
x+
1
x
)
(82)
Tr
(
eiπτǫfNkxNkNk
)
=
(
xeiπτǫf − 1
xeiπτǫf
)
, Tr
(
x−2γ0β0
)
=
1
1− x2 , (83)
we get that the zero mode contribution of the R(−1)F sector to Zg is
TrR
(
e−2πτ(−iǫfd
−
0 d
+
0 +iǫgh
−
0 h
+
0 )g(−1)F0
)
= −16e−πiτǫf e−iπτǫg sinπτǫf sinπτǫg. (84)
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Finally, by collecting all the results, and observing that in Eq. (73) one can write
if g = sinπνf sinπνg
√
−det(η + Fˆ ) (85)
we get the following expressions for the various terms defined in Eq. (71):
Z = −N
∫
d4x
√
−det
(
η + Fˆ
)[sinπνf sinπνg
(4π2α′)2
]
Z˜
with
Z˜NSe =
1
4
∫ ∞
0
dτ
τ
e−
y2τ
2πα′
f43 (k)Θ3(iνf τ |iτ)Θ3(iνgτ |iτ)
f41 (k)Θ1(iνf τ |iτ)Θ1(iνgτ |iτ)
, (86)
Z˜NS(−1)
F
e = −
1
4
∫ ∞
0
dτ
τ
e−
y2τ
2πα′
f44 (k)Θ4(iνf τ |iτ)Θ4(iνgτ |iτ)
f41 (k)Θ1(iνf τ |iτ)Θ1(iνgτ |iτ)
, (87)
Z˜Re = −
1
4
∫ ∞
0
dτ
τ
e−
y2τ
2πα′
f42 (k)Θ2(iνf τ |iτ)Θ2(iνgτ |iτ)
f41 (k)Θ1(iνf τ |iτ)Θ1(iνgτ |iτ)
, (88)
Z˜NSh =
∫ ∞
0
dτ
τ
e−
y2τ
2πα′
Θ24(0|iτ)Θ3(iνf τ |iτ)Θ3(iνgτ |iτ)
Θ22(0|iτ)Θ1(iνf τ |iτ)Θ1(iνgτ |iτ)
, (89)
Z˜
NS(−1)F
h = −
∫ ∞
0
dτ
τ
e−
y2τ
2πα′
Θ23(0|iτ)Θ4(iνf τ |iτ)Θ4(iνgτ |iτ)
Θ22(0|iτ)Θ1(iνf τ |iτ)Θ1(iνgτ |iτ)
, (90)
while
Z
R(−1)F
h = iN
∫
d4x
fg
(4π2α′)2
∫ ∞
0
dτ
τ
e−
y2τ
2πα′ . (91)
The last contribution can be written in terms of F aαβF˜
aαβ , with F˜ aαβ =
1
2ǫαβγδF
a γδ, using
the relation
f g =
(2πα′)2
8
F aαβF˜
aαβ , (92)
giving the last term in Eq. (5).
In the final part of this Appendix we expand Eq. (5) up to quadratic terms in the
gauge field. We need the following expansions:
Θ3(iνf τ |iτ) = Θ3(0|iτ)
[
1− 4f2τ2
∞∑
n=1
k2n−1
(1 + k2n−1)2
+ . . .
]
, (93)
Θ4(iνf τ |iτ) = Θ4(0|iτ)
[
1 + 4f2τ2
∞∑
n=1
k2n−1
(1− k2n−1)2 + . . .
]
(94)
and
lim
ν→0
2 sinπν
Θ1(iντ |iτ) = −
1
iτf31 (k)
. (95)
Inserting them in Eq. (5), reintroducing the field strength of the gauge field by means of
the following equation 5:
f2 − g2 = −(2πα
′)2
4
F aαβF
aαβ (96)
5The generators of SU(N) are normalized as: Tr[T a T b] = 1
2
δab.
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and using Eq. (92), we get for the term quadratic in the gauge field the following expres-
sion:
Zoh
(
F 2
)
= − N
8π2
∫
d4x
[
−1
4
F aαβF
aαβ
] ∫ ∞
0
dτ
τ
e−
y2τ
2πα′
× 1
2
∞∏
n=1
[1 + k2n−1]4[1− k2n−1]4
[1− k2n]4[1 + k2n]4
∞∑
n=1
[
k2n−2
(1 + k2n−1)2
+
k2n−2
(1− k2n−1)2
]
+
iN
32π2
∫
d4xF aαβF˜
aαβ
∫ ∞
0
dτ
τ
e−
y2 τ
2πα′ . (97)
Notice that in the previous calculation we do not need to compute the quadratic term
in f and g coming from the piece in front of the square bracket in Eq. (5) because its
coefficient is zero. Finally, by using the following identities, which can be proven with the
help of the heat equation (43)
∞∑
n=1
k2n−1
(1− k2n−1)2 = −k
d
dk
[
1
2
log
∞∏
n=1
(1− k2n) + log
∞∏
n=1
(1− k2n−1)
]
,
∞∑
n=1
k2n−1
(1 + k2n−1)2
= k
d
dk
[
1
2
log
∞∏
n=1
(1− k2n) + log
∞∏
n=1
(1 + k2n−1)
]
,
∞∑
n=1
k2n
(1 + k2n)2
= k
d
dk
[
1
2
log
∞∏
n=1
(1− k2n) + log
∞∏
n=1
(1 + k2n)
]
,
(98)
we get the following compact expression for Eq. (97):
Zog(F
2) = − N
8π2
∫
d4x
[
−1
4
F aαβF
aαβ
] ∫ ∞
0
dτ
τ
e−
y2τ
2πα′
[
f3(k)f4(k)
f1(k)f2(k)
]4
2k
d
dk
log
[
f3(k)
f4(k)
]
+
iN
32π2
∫
d4xF aαβF˜
aαβ
∫ ∞
0
dτ
τ
e−
y2 τ
2πα′ , (99)
which reproduces Eq. (12).
C Closed String Channel
In this Appendix we derive Eqs. (9) and (10), which added together provide the interaction
amplitude between a stack of N D3 branes and a brane dressed with an external field. The
two contributions correspond to the propagation of untwisted and twisted closed string
states. They were computed in the Appendix of Ref. [25] in the case of vanishing external
gauge field.
The boundary state describing a Dp-brane without any gauge field on its world-volume
and living on the orbifold C2/Z2 is given in Ref. [25] and it is the sum of two terms, one
relative to the untwisted sector and the other to the twisted one. The boundary state
describing a dressed brane completely transverse to the orbifold is given, for the untwisted
sector U, by :
|Dp;F 〉U = Tp
2
√
2
( |Dp;F 〉UNS + |Dp;F 〉UR ) (100)
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where |Dp;F 〉UNS and |Dp;F 〉UR are the usual boundary states for a dressed bulk Dp-brane
given in Refs. [26, 34].
In the twisted sector T, instead, the dressed boundary state is given by:
|Dp;F 〉T = − Tp
2
√
2π2α′
( |Dp;F 〉TNS + |Dp;F 〉TR ) (101)
where
|Dp;F 〉TNS,R =
1
2
( |Dp;F +〉TNS,R + |Dp;F −〉TNS,R ) , (102)
and the Ishibashi states |Dp;F η = ±〉TNS,R are
|Dp;F η〉TNS,R = |DpX ;F 〉T |Dpψ;F η〉TNS,R (103)
with6
|DpX ;F 〉T =
√
−det(η + Fˆ) δ(5−p)(q̂i − yi)
×
∞∏
n=1
[
e−
1
n
αα
−nMαβ α˜
β
−ne
1
n
αi
−nα˜
i
−n
]
×
∞∏
r= 1
2
e−
1
r
αℓ
−rα˜
ℓ
−r
∏
β
|pβ = 0〉
∏
i
|pi = 0〉 ,
|Dpψ;F η〉TNS =
∞∏
r= 1
2
[
eiηψ
α
−rMαβψ˜
β
−re−iηψ
i
−r ψ˜
i
−r
] ∞∏
n=1
eiηψ
ℓ
−nψ˜
ℓ
−n |Dpψ, η〉(0) TNS ,
|Dpψ;F η〉TR =
1√
−det(η + Fˆ)
∞∏
n=1
[
eiηψ
α
−nMαβ ψ˜
β
−ne−iηψ
i
−nψ˜
i
−n
] ∞∏
r= 1
2
eiηψ
ℓ
−rψ˜
ℓ
−r |Dpψ;F η〉(0) TR .
(104)
In these expressions the longitudinal indices α, β take the values 0, 1, . . . p, the transverse
index i takes the values p + 1, . . . , 5, while the index ℓ labels the orbifold directions.
Furthermore the matrix M is defined by:
Mαβ =
[
(1− Fˆ )(1 + Fˆ )−1
]α
β
. (105)
The zero-mode part of the boundary state in the NS-NS sector has the same structure as
the one without gauge field, while in the R-R sector it reads as:
|Dpψ;F η〉(0) TR =
(
Cγ0...γp
1 + iη1γ˜
1 + iη1
; e−
1
2
Fˆαβγ
αγβ ;
)
ab
|a〉|˜b〉|Dsgh, η1〉(0)R (106)
where the symbol ; ; means that we have to expand the exponential and then to antisym-
metrize the indices of the γ matrices. The superghost zero mode contribution is unchanged
with respect to the untwisted sector and can be found in Ref. [26]. Here the γ matrices
reproduce the Clifford algebra in six dimensions and γ˜ ≡∏5i=0 γi.
6In Eq. (103) we omit the ghost and superghost contributions which are not affected by the orbifold
projection.
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We have now introduced all the ingredients necessary to compute the tree level closed
string amplitude given in Eqs. (7) and (8), that are relative to the case p = 3 we are
interested in. The explicit expression for the untwisted component Zce is:
Zce =
1
4
1
(8π2α′)2
∫
d4x
√
−det(η + Fˆ )
∫ +∞
0
dt
t3
e−
y2
2πα′t∏+∞
n=1 det (1−MT q2n) (1− q2n)4
×
{
1
q
[
+∞∏
n=1
det(1 +MT q2n−1)
(
1 + q2n−1
)4 − +∞∏
n=1
det
(
1−MT q2n−1) (1− q2n−1)4]
− 2
4√
−det(η + Fˆ )
+∞∏
n=1
det(1 +MT q2n)
(
1 + q2n
)4 , (107)
where q = e−πt. We are not going to derive in detail Eq. (107), but we want to point
out that it can be easily obtained from Eq. (A.2) of Ref. [25], rewritten in the closed
string channel by adding in the NS-NS sector the Born-Infeld action and the contribution
of the gauge fields in the brane world-volume directions. Furthermore we need to make
the following substitutions:
∞∏
n=1
(1± q2n−1)4 →
∞∏
n=1
det(1±MT q2n−1) (108)
and
∞∏
n=1
(1± q2n)4 →
∞∏
n=1
det(1±MT q2n). (109)
Analogous substitutions have to be done in the twisted sector. In particular, in the NS-NS
sector the expression for the tree level closed string amplitude given in Eq. (8) is equal to:
Z
c(NS−NS)
h =
4
(8π2α′)2
∫
d4x
√
−det(η + Fˆ )
∫ +∞
0
dt
t
e−
y2
2πα′t
×
+∞∏
n=1
det(1 +MT q2n−1)
(
1 + q2n
)4
det(1−MT q2n)(1− q2n−1)4 . (110)
The zero modes in the NS-NS twisted sector coincide with those with vanishing gauge
field. Hence, as shown in Ref. [25], the spin structure NS-NS(−1)F does not contribute
to the interaction in this sector.
In the R-R sector we can proceed in an analogous way, but in this case we have also
a contribution from the zero modes that is divergent and requires to be treated more
carefully through a suitable regularization. Let us evaluate it explicitly. According to
Ref. [32] we insert the regulator R(x) = x2(F0+G0) as follows:
T (0)
R 〈D3ψ , η2|D3ψ ;F η1〉(0)R ≡ limx→1
T (0)
R 〈D3ψ , η2|R(x) |D3ψ ;F η1〉(0) TR
= lim
x→1
[
T (0)
R 〈D3ψ , η2|x2F0 |D3ψ;F η1〉(0) TR × (0)R 〈Dsgh, η2|x2G0 |Dsgh, η1〉(0)R
]
. (111)
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where (−1)F0 = iγ˜ and G0 = −γ0β0.
For the superghost part the regularization scheme leads to the same result as in the
untwisted sector [32, 26]:
(0)
R 〈Bsgh, η2|x2G0 |Bsgh, η1〉(0)R = 〈−3/2,−1/2|e−iη2β0γ˜0 x−2γ0β0 eiη1γ0β˜0 |−1/2,−3/2〉
=
1
1 + η1η2x2
. (112)
In order to evaluate the matter part we introduce the operators
N1 ≡ γ0γ1 ; N2 ≡ −iγ2γ3 ; N3 ≡ −iγ4γ5 (113)
and write
(−1)F0 = iγ˜ = −i
3∏
k=1
Nk =
3∏
k=1
exp (iNk π/2) = (−1)
1
2
(N1+N2+N3), (114)
where we have used that exp (iNk π/2) = iNk. From the previous equation we can read
F0 =
1
2
∑3
k=1Nk and thus the regulator for the fermionic zero-modes can be written as
follows:
x2F0 = x
3∑
k=1
Nk
. (115)
Substituting this expression in the matter part of Eq. (111) we get:
T (0)
R 〈D3ψ, η2|x2F0 |D3ψ;F η1〉(0) TR = −δη1η2;1Tr[x2F0 ]
+ δη1η2;−1(πα
′)2FαβF˜
αβ Tr[x2F0 γ˜γ0...γ3] (116)
where we have only kept those terms which, added to the ghost contribution in Eq. (112),
yields a non-zero result. The traces appearing in the previous equation are easily evaluated
Tr[x2F0 ] =
3∏
k=1
Tr[xNk ] =
(
x+
1
x
)3
, (117)
Tr[x2F0γ0γ1γ2γ3] = iTr[xN1N1]Tr[x
N2N2]Tr[x
N3 ] = i
(
x− 1
x
)2(
x+
1
x
)
, (118)
Tr[x2F0γ0γ1γ2γ3γ˜] = −iTr[xN1 ]Tr[xN2 ]Tr[xN3N3] = −i
(
x+
1
x
)2(
x− 1
x
)
.(119)
By plugging them in Eq. (116), including also the ghost contribution and performing the
x→ 1 limit one gets:
T (0)
R 〈D3ψ , η2|D3ψ ;F η1〉(0) TR = −4δη1η2;1 + 4iδη1η2;−1
(
(πα′)2
2
F aαβF˜
aαβ
)
(120)
where an extra factor 1/2 has been introduced to take in account the trace over the SU(N)
generators. By adding to the previous expression the contribution of the non zero modes it
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is straightforward to write down the complete expression for the interaction in the twisted
R-R sector:
Z
c(R−R)
h = −
4
(8π2α′)2
∫
d4x
√
−det(η + Fˆ )
∫ +∞
0
dt
t
e−
y2
2πα′t∏+∞
n=1 det(1−MT q2n)(1− q2n−1)4
×
∏+∞
n=1 det
(
1 +MT q2n
)(
1 + q2n−1
)4√
−det(η + Fˆ )
+
iN
32π2
∫
d4xF aαβF˜
aαβ
∫ ∞
0
dt
t
e−
y2
2πα′t . (121)
The determinants of the terms containing the external gauge field present in Eqs. (110)
and (121) can be computed using the parametrization for F given in Eq. (2) and one gets
the following expressions in terms of the Θ functions defined in Appendix A:
∞∏
n=1
det
(
1 +MT q2n−1
)
= Θ3(νf |it)Θ3(νg|it)
∞∏
n=1
(1− q2n)−2 , (122)
∞∏
n=1
det
(
1−MT q2n) = eπt/2Θ1(νf |it)
2 sinπνf
Θ1(νg|it)
2 sin πνg
∞∏
n=1
(1− q2n)−2 , (123)
∞∏
n=1
det
(
1 +MT q2n
)
= eπt/2
Θ2(νf |it)
2 cos πνf
Θ2(νg|it)
2 cos πνg
∞∏
n=1
(1− q2n)−2 , (124)
∞∏
n=1
det
(
1−MT q2n−1) = Θ4(νf |it)Θ4(νg|it) ∞∏
n=1
(1− q2n)−2 . (125)
Inserting these formulas in Eqs. (107), (110), (121) and using the definition of the functions
fi given in Appendix A, one easily gets Eqs. (9) and (10).
In the last part of this Appendix we expand Eq. (10) keeping up to terms quadratic
in the gauge field. This can be done by using the following expansions:
Θ3(νf |it) = Θ3(0|it)
[
1 + 4f2
∞∑
n=1
q2n−1
(1 + q2n−1)2
+ . . .
]
, (126)
Θ2(νf |it) = Θ2(0|it)
[
1 + 4f2
∞∑
n=1
q2n
(1 + q2n)2
+
1
2
f2 + . . .
]
(127)
and the analogous ones for νf → νg together with the following equation:
lim
ν→0
2 sin πν
Θ1(ν|it) = −
1
f31 (q)
. (128)
Notice that the factor in front of the bracket in Eq. (10) can just be computed for
f = g = 0, because the corresponding quadratic term in f and g has vanishing coefficient
as a consequence of the fact that the annulus diagram for two undressed fractional branes
vanishes. One can then use Eq. (96) for rewriting the combination f2 − g2 in terms of
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the kinetic term of the gauge field and, after some calculation, one obtains the following
expression for the quadratic terms of the gauge field:
Zch(F
2) =
N
8π2
∫
d4x
(
−1
4
F aαβF
aαβ
)∫ ∞
0
dt
t
e−
y2
2πα′t
∞∏
n=1
[1 + q2n−1]4[1 + q2n]4
[1− q2n−1]4[1− q2n]4 ×
×
[
−1 + 8
∞∑
n=1
(
q2n−1
[1 + q2n−1]2
− q
2n
[1 + q2n]2
)]
+
iN
32π2
∫
d4xF aαβF˜
aαβ
∫ ∞
0
dt
t
e−
y2
2πα′t . (129)
By using the identities in Eq. (98), Eq. (129) becomes:
Zch(F
2) =
N
8π2
∫
d4x
(
−1
4
F aαβF
aαβ
)∫ ∞
0
dt
t
e−
y2
2πα′t
[
f3(q)f2(q)
f1(q)f4(q)
]4
2q
d
dq
log
[
f3(q)
f2(q)
]
+
iN
32π2
∫
d4xF aαβF˜
aαβ
∫ ∞
0
dt
t
e−
y2
2πα′t , q = e−πt (130)
that reproduces Eq. (13). Using the modular transformations of the f -functions and the
relation
q
d
dq
= −τ2k d
dk
(131)
one can easily check that the previous equation is properly mapped in Eq. (99) evaluated
in the open channel by the open/closed string duality.
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